Abstract. Let (R, m) be a Noetherian local ring. Consider the notion of homological dimension of a module, denoted H-dim, for H= Reg, CI, CI * , G, G * or CM. We prove that, if for a finite R-module M of positive depth, H-dim R (m i M ) is finite for some i ≥ reg(M ), then the ring R has property H.
Theorem 1. Let (R, m) be a Noetherian local ring with residue field k and let M be a finite R-module of positive depth. Let H equal to Reg (respectively, CI,CI * , G * ,G, or CM). If H-dim R (m n M ) < ∞ for some n ≥ ρ(M ), then R has property H.
As a corollary we get that if depth R > 0 and H-dim R R/m n is finite for some n ≥ reg(R), then R has property H (see Corollary 4.3) .
Recently Goto and Hayasaka [5] have proved that if G-dimension of an integrally closed m-primary ideal I is finite then R is Gorenstein. In [8] Iyengar and the second author used techniques used in the study of Hilbert functions to study some homological properties of M/m n M for n ≫ 0. In this paper we combine some of the techniques used in these papers.
Here is an overview of the contents of the paper. In section 1 we introduce notation and discuss a few preliminary facts that we need. In Section two we define the notion of m-full submodules, which is a natural generalization of m-full ideal, defined by D. Rees (unpublished). See J. Watanabe's papers [12] and [13] for some properties of m-full ideals. In Section 3 we state the properties of H-dim that we need and prove a few that has not been explicitly proved before. In Section 4 we prove the Theorem 1 and a few corollaries.
Preliminaries
All rings are commutative Noetherian and all modules are finite. In this section we will give some auxiliary results that we need for the proof of Theorem 1. Let (R, m) be a local ring with residue field k and let M be a finite R-module. Let G(R) = n≥0 m n /m n+1 be the associated graded ring of R with respect to m and let G(M ) = n≥0 m n M/m n+1 M be the associated graded module of M with respect to m. Set M = n≥1 m n /m n+1 the maximal irrelevant ideal of G(R).
Superficial elements:
An element x ∈ m is said to be M -superficial if there exists an integer c > 0 such that
When dim M > 0 it is easy to see that x is superficial if and only if x / ∈ m 2 and x * does not belong to any relevant associated prime of G(M ). Therefore, superficial elements always exist if the residue field k is infinite. If depth M > 0 and x is M -superficial then (m n M : M x) = m n−1 M for all n ≫ 0 (see [10, p. 7] for M = R, the general case is similar). 
If the residue field of R is finite then we resort to the standard trick to replace
1.4. Ratliff-Rush Filtration For every n we consider the chain of submodules of M
This chain stabilizes at a submodule which we denote by
It is called the Ratliff-Rush filtration of M with respect to m.
1.5. If depth M > 0 then the following holds (see [9] for the case M = R, see [7] where it is proved in general)
1.6. In view of property 1. and 2. above it is convenient to define the following invariant of M
In [7, Theorem 5] it is proved that ρ(M ) ≤ reg(M ).
m-full submodules
In this section we generalize to modules the notion of m-full ideals. Throughout this section R is local and M is a finite R-module. Proof. Since the residue field is infinite we can choose x ∈ m which is M -superficial with respect to m. For all n we have m n+1 M : M x = m n M . So we have
In the next proposition we collect the basic properties of m-full submodules.
So it follows that φ is well defined. Clearly φ is R-linear.
(4) Set W = (N : M m) /N . Clearly ψ is R-linear. Furthermore by (2) we have that ψ is injective. Note that the map φ : N → W defined in (3) maps xN to 0 and so defines a map φ : N/xN → W . Furthermore φψ = id W . So ψ is split.
(5) Since (N : M m) /N is a k-vector space, the assertion follows from (4).
some properties of H-dim
Let (R, m) be a local ring and let M be a R-module. For all unexpalined terminology see the survey paper [2] .
Remark 3.1. It suffices to prove Theorem 1 when H is equal to Reg (respectively, CI * , G, or CM) since homological dimensions satisfy the inequalities
Note that if any one of these dimensions is finite, then it is equal to those on its left (cf. [2, Theorem 8.8]).
We collect in Theorem 3.2 the properties of H-dim R when H is equal to Reg (respectively, CI * , G, or CM) that are used in our proof of Theorem 1. 
Proof. We first state the results which were known before (See [2, 8.7] ). Properties 1 and 2 are known for each of the homological dimensions Reg, CI * , G, and CM. Property 3 was known for H = Reg and H = G. Finally property 4 was known for H equal to Reg, G and CI * . Proposition 3.3 proves property 3 in the case H = CI * and CM. Proposition 3.4 proves property 4 in the case H = CM. 
Proof. This result is known for H= Reg, G. Consider the case H=CM. We may assume that CM-dim R M is finite for otherwise there is nothing to prove. Let
Now suppose H=CI * and assume that CI * -dim M is finite. Note that for a finite R-module L we have
Since N is a direct summand of M we get that G-dim R (N ) < ∞ and cx R N < ∞. Therefore CI * -dim N is finite and it is easy to see that CI * -dim N ≤ CI * -dim M . Proposition 3.4. Let (R, m) be a local ring and M be a finitely generated R-
To prove this Proposition we need the following Lemma.
Lemma 3.5. Let (R, m) and (S, n) be local rings and let φ : R → S be a flat local homomorphism. Set
Proof. Clearly φ ′ is a local homomorphism. So it suffices to show φ ′ is flat. Note that φ induces a ring homomorphism f :
Proof of Lemma 3.4 . Note that R ′ is a faithfully flat extension of R. By [2, 8.7(6) 
is a suitable S ′ -module. Moreover using similar isomorphism, we can deduce that
Generalized Levin-Vasconcelos Theorem
We prove the following: Proof of Theorem 4.1. As stated in Remark 3.1 for the proof of theorem it is only enough to consider the cases H= Reg, CI * , G, CM. This we do. Using the standard trick, in view of Theorem 3.2.4 we may assume that the residue field R/m is infinite. So there exist x ∈ m which is a M -superficial element. Set N = m n M . As it is shown in Proposition 2.2 the submodule N is m-full and in particular mN : M x = N . Note that x is also N -regular. By Theorem 3.2.1 we have that H-dim R (N/xN ) is finite. By Proposition 2.3(5) we have that k is a direct summand of N/xN . So by Theorem 3.2.3 we get that H-dim k is finite. So R has property H.
Using Theorem 1 and Theorem 3.2.2 we have the following corollary. 
